We investigate temperature dependency of the activation free energy for the atomic diffusion in the fcc Lennrad-Jones system within the transition states theory based on the quasi-harmonic approximation. The activation free energy consists of the static activation energy and the vibrational free energy difference between the saddle point and the equilibrium state, and it is shown that both of them strongly depend on the system volume and the temperature. The temperature dependencies of both quantities exhibit opposite tendencies, i.e., the static activation energy decreases, while the free energy difference increases with increasing temperature. As a result, the activation free energy shows a weak temperature dependency. We discuss the effects of anharmonicity on the activation free energy by comparing the activation free energy obtained by the quasi-harmonic and harmonic approximations.
Introduction
Theoretical investigations of the atomic diffusion have been extensively made for several decades. [1] [2] [3] [4] [5] [6] Among the many topics associated with the atomic diffusion in metals, one of the most essential problems is calculating the selfdiffusion coefficient from the first-principles. 4, 5) While accurate first-principles calculations are now possible for the energetics of crystalline solids at zero temperature, it is challenging to predict the atomic diffusivity at finite temperatures since one needs to calculate the activation free energy rather than activation energy at finite temperatures. The activation energy is defined as the difference of the internal energies in the equilibrium and transition states at 0 K. On the other hand, the activation free energy is defined as the difference of the free energies between the two states due to the entropy contribution at finite temperatures. This reflects the fact that various paths from a potential energy minimum to another through the relevant saddle points are possible.
A strategy to calculate the diffusion coefficient is to simulate directly the diffusion events by Molecular Dynamics (MD). 6, 7) First-principles MD is also available at present. However these direct simulations involve a serious problem that as the temperature is lowered, atomic jumps become rarer, and thus for the time scale of MD, it is very timeconsuming to observe the atomic jumps statistically enough. Therefore MD is available only for very high temperatures.
In the framework of the transition state theory (TST), 1, [8] [9] [10] the transition rate is defined as the ratio of two configurational partition functions, one is for the equilibrium states including 3N À 3 degree of freedoms, and the other is for the transition states including 3N À 4 degree of freedoms since one degree of freedom which corresponds to the direction of reaction coordinate is excluded. Evaluating two partition functions rigorously from the first-principles is daunting task, in principle, which originates from the difficulty of restricted integration on the transition states. One approximated solution is to employ the harmonic approximation (HA) 5, 9, 10) in order to calculate two partition functions. It is known that the HA is valid only for low temperatures. However, the interesting temperature range for the diffusion phenomena in solids is above one half of a melting point. At high temperatures, the anharmonicity of lattice vibrations which induces the thermal expansion of a lattice, cannot be ignored. The quasi-harmonic approximation (QHA) 11) takes into account the thermal expansion of a lattice as a form of the volume dependent phonon frequencies.
The aims of the present study are to calculate the activation free energy of self-diffusion in a prototype crystal and clarify the temperature dependency of the activation free energy and origin within the QHA.
System of Interest
We employ the 12-6 Lennard-Jones (LJ) potential given by
where and r 0 are the depth of energy and the nearest neighbor distance respectively. In the present calculations the interaction energy is calculated by taking the interaction range up to the 2nd nearest neighbor atoms. p .
Theoretical Details and Methods

Transition state theory
In general the diffusion coefficient is derived from the Einstein relation based on the random walk of the diffusing atom,
where hÁr 2 ðtÞi ¼ a 2 0 N is the mean square displacement of the diffusing atom, N the number of jumps, a 0 the jump distance, d the dimension of the space, and t is the time. The number of jumps, N, is simply the product of the time period and a jump rate À, which for thermally activated diffusion can be expressed according to the TST 1) as
where ÁF is the difference in the Helmholtz free energy between the maximum (saddle point) and the minimum of the potential energy curve along the reaction coordinate, k B is the Boltzmann constant, h is the Planck constant and T is the temperature.
In the present work, the vacancy mechanism diffusion is considered, thus a vacancy diffusion coefficient is given by
where f is the correlation factor which corrects deviation from random jump of a vacancy, and C V is the equilibrium vacancy concentration given by
where ÁF f is the formation free energy of a vacancy defined by difference in the free energy between the perfect crystal and a crystal including one vacancy. In the present study, we focused on the transition rate, À alone and neglect the temperature dependency of the formation free energy of a vacancy, i.e., ÁF f is a constant. Thus we refer to ÁF in eq. (3) as the activation free energy in the following. The activation free energy, ÁF, consists of two terms,
where ÁÈ is the static activation energy and ÁF vib is the vibrational free energy difference. In the following Á denotes the difference of a quantity, A, between the saddle point and the equilibrium state,
Here subscripts 'sad' and 'equi' express the saddle point and equilibrium states respectively. In order to determine the activation free energy, ÁÈ and ÁF vib , which depend on the temperature and system volume, are needed. We calculate the static activation energy, ÁÈ by Molecular Statics (MS) calculations, and ÁF vib by the QHA. In the following sections, we present the detail of each calculation.
Molecular statics calculation
We determine the static activation energy and relaxed atomic configuration for both the equilibrium state and saddle point at several volumes by MS calculations. These configurations are exploited as an input configuration when calculating the vibrational free energy within the QHA.
The definition of the static activation energy is
where È sad and È equi are the internal energy at 0 K with the saddle point and the equilibrium configuration respectively. The equilibrium energy and configuration with one vacancy are evaluated simply by relaxing the displacements of all atoms toward the energy minimum. For the saddle point energy calculations, we need to know the saddle point configuration. In the present case of a bulk fcc crystal, the position of the jumping atom at the saddle point is known by symmetry of fcc structure, and it is halfway of the jump vector which connects the equilibrium position of jumping atom and vacancy. For the configuration, the total energy of simulation cell was minimized with respect to the displacements of all other atoms. During the minimization process the motion of the jumping atom is restricted within the perpendicular direction of the jump vector. In order to prevent the rigid translation of the whole simulation cell, an equal artificial counter-force is applied to every non-jumping atom so that to balance the force acting on the jumping atom.
12)
Quasiharmonic approximation
To determine the activation free energy, it is necessary to evaluate the equilibrium volumes in the temperature range of interest. Once the equilibrium volumes are determined, the corresponding vibrational free energy differences, ÁF vib are calculated at each equilibrium volume. We calculate the equilibrium volumes and the corresponding vibrational free energy differences within the QHA. The QHA takes into account contributions of an anharmonicity of the lattice vibration which is only associated with the volume dependence of the phonon frequencies. Although various approximated methods to incorporate this effect into the free energy of system have been suggested, 11) we choose a straightforward way in which one calculates directly the phonon frequencies at several volumes within the HA and determines the equilibrium volume by minimizing the obtained free energies with respect to the volume at each temperature.
In the QHA, the free energy of a system is expressed as
where E 0 is static lattice energy at 0 K and F har is the harmonic free energy at a temperature given by
NðÞ ln 2 sinh hðVÞ
where NðÞ is the phonon density of states. The equilibrium volume is obtained by minimizing eq. (9) with respect to V.
At each equilibrium volume, we also calculate the free energy of a saddle point. The phonon freqencies are calculated according to standard procedures. 13) Let u i be displacemnt of atom i, and M i be mass of atom i. Time derivatives are denoted by dots while greek letter subscripts denote one of the Cartesian components of a vector. In the HA, the energy of the system can be expressed as
where
Here U is a potential energy of a system as a function of positions of all atoms. The dynamical matrix is defined as the Fourier transform of the force constant matrix Èði; jÞ. Diagonalizing the dynamical matrix leads to square of the phonon freqencies. The components of force constant matrix can be calculated analytically using first-and second-order derivative of the Lennard-Jones potential. In the calculation of the free energy at the equilibrium states, we integrate over all vibrational states, including 3N À 3 degree of freedoms (À3 is due to rigid body translation). When calculating the vibrational free energy at the saddle points, we have to estimate the volume in the configurational space where the system must pass through in order to reach a next energy minimum. In other words, we calculate the volume where the points of the highest energy along the various reaction paths distribute. Thus we should not make integration along the direction of the reaction coordinate. Since the eigenvalue corresponding to the reaction coodinate is negative, we can easily exclude the irrelevant direction. In all calculations, the k-point sampling is done on 5 Â 5 Â 5 mesh in the first Brillouin zone.
Results and Discussion
Static activation energy
The calculated static activation energies at several volumes are shown in Fig. 1 . ÁÈ strongly depends on the system volume and decreases with dilation of the volume. In the LJ potential, the potential energy of an atom is a function of interatomic distances between interacting atoms, and the repulsive part is more rigid than the attractive part. The interatomic distances around the jumping atom are smaller than other atoms, which are responsible for the activation energy. Hence the activation energy decreases with the increase of the system volume. It is noted that the static activation energy depends on the temperature through the temperature dependence of the system volume within the QHA.
Quasiharmonic calculation
In order to determine the equilibrium volume at each temperature, we calculate the vibrational free energy at several volumes from the eq. (10). Figure 2 shows the typical phonon density of states in the present system for the equilibrium state and saddle point. Both the results are nearly identical, but two general aspects appear for the saddle point. First, some high frequency modes are generated, which are caused by the relatively small interatomic separations around the jumping atom. Second, though it cannot be visualized, total vibrational degree of freedom is 3N À 3 for the equilibrium state while that is 3N À 4 for the saddle point since there is a imaginary frequency which corresponds to the reaction coordinate direction (unstable mode) as stated above. The fact that both results are almost the same implies that the activation free energy is a localized quantity. The difference of both configurations is localized only around jumping atom. Therefore atoms which are far from the jumping atom remain at the equilibrium positions in both states. Figure 3 shows the calculated equilibrium volume and corresponding free energy, E 0 þ F har . In fcc LJ solids, anharmonicity of the crystal is quite large and it leads to the large thermal expansion of the lattice. In the QHA calculations, we find that the free energy minimum with respect to the volume disappears above T ¼ 0:5, which represents the instability of the lattice. 14) Moreover, near the instability temperature, the thermal expansion of the lattice becomes steeper, i.e., the coefficient of thermal expansion is quite large.
For these obtained equilibrium volumes, we also calculate the free energy of the saddle point using eq. (10). The obtained vibrational free energy difference, internal energy and entropy are shown in Fig. 4 . In these figures, the circle represents the results of the QHA, the solid line represents results of the HA. Note that in HA there are no thermal expansions and thus the volume is fixed at V ¼ 1:00. In both results, the vibrational free energy differences increase with increasing the temperature. One can confirm that at high temperatures, the result of the QHA exhibits larger change than that of the HA, and the difference originates from the anharmonicity of the activation entropy since the internal energy changes are almost the same for the both results.
Anharmonicity
The internal energy in Fig. 4 (b) changes linearly, especially at high temperatures the slope is unity which equals to the k B in the present unit system. This temperature dependency can be explained by the difference in the degree of freedom between the equilibrium state and the saddle point. In the QHA the anharmonicity of lattice vibrations is introduced through the volume dependence of phonon frequencies as above mentioned. Thus a potential energy function is expanded up to the second order with respect to the atomic displacements similar to the HA. It is well known that the HA yields k B as the temperature dependence of the internal energy per one degree of freedom, indicating that at high temperatures where quantum effects can be neglected, an expectation value of the internal energy obeys exactly equipartition theorem. Hence expectation values of the equilibrium state and saddle point are hE equi i ¼ ð3N À 3Þk B T and hE sad i ¼ ð3N À 4Þk B T respectively. Thus
This is the general results within the harmonic approximation of the potential surface. In real systems, the anharmonicity of a potential surface affects the internal energy difference, which is beyond the present study.
To examine the effect of anharmonicity on entropy, we rewrite the difference in entropy between the QHA and HA as
Third line in the equations above expresses the magnitude of anharmonicities at the saddle point and equilibrium state, and our results show that it is negative. As stated above, the QHA includes the anharmonicity through the volume dependence of phonon frequencies. Therefore this result indicates that the influence of the thermal expansion on the entropy is larger for the equilibrium state than for the saddle point. In the simple estimation of anharmonic contribution, 11) changes in the entropy as a function of the temperature that is due to the thermal expansion are proportional to the ratio of square of Grüneisen parameter and bulk modulus, SðTÞ / 2 =B. If one focuses on the local atomic configurations around a vacancy, the equilibrium state is softer than the saddle point since atoms located around a vacancy almost retain the equilibrium interatomic distance for the equilibrium state, while interatomic distances between jumping atom and its neighboring atoms are somewhat small for the saddle point.
The calculated activation free energy from eq. (6) is shown in Fig. 5 . One can see from Fig. 5 that ÁF shows weak temperature dependency as a result of compensation between ÁÈ and ÁF vib . Each term in eq. (6) exhibits strong temperature dependency but they are opposite tendencies. As a temperature approaches 0.5, the activation free energy decreases. As mentioned above, the minimum of the free energy disappers at T ¼ 0:5 and the thermal expansion is quite large near this temperature. Thus the value may include some uncertainty. 
Conclusion
The activation free energy which determines the selfdiffusion coefficient within the TST is investigated based on the QHA. The static activation energy and vibrational free energy difference strongly depend on the temperature and the system volume. However the tendencies are opposite nature, i.e., the static activation energy decreases while the vibrational free energy increases with increasing the temperature. Consequently the obtained activation free energy has weak temperature dependency. The temperature dependency is found to be larger for the QHA calculation, and the difference between the HA and QHA originates from the entropy term. Theoretical Calculation of Activation Free Energy for Self-Diffusion in Prototype Crystal
